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1. INTRODUCTION 
This paper is in a sense the completion of an earlier paper [7] on the same 
subject. At the time of the earlier paper the author, with the use of implicit 
function theorem techniques, was able to establish existence and determine 
stability of subharmonic solutions in a very few cases. In the present paper, 
with the use of a different technique, it is possible to give the complete 
answer to the problem. To be sure to give a detailed description in any 
particular case it is necessary to perform the very cumbersome calculations, 
which blocked progress in the earlier study. However, it is possible to 
determine essential properties of the results of the calculations without 
actually carrying them out, and these properties enable the establishment of 
existence and stability properties. 
We consider the real scalar equation 
x” + g(x) = Ef(t) (1.1) 
where g(x) is a sufficiently regular odd function (we shall need derivatives of 
all orders on an appropriate interval) and f(t) is a 2z-periodic, even function 
which is odd-harmonic. (A T-periodic function is odd-harmonic if it satisfies 
f(t + T/2) = -f(t).) It is known that under appropriate restrictions on g’(x), 
(1.1) will have a unique 2n-periodic solution x(t, E) for each value of E, and 
x(t, E) will also be even- and odd-harmonic (cf. [5] and [6]). 
The associated variation equation is 
y” + g’(x(4 E))y = 0 (1.2) 
which is linear with an even z-periodic coefficient. Suppose that for a 
particular value of E, E = E,, the solutions of (1.2) are periodic with period 
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a multiple of 2n, i.e., when considered as of period 72, its characteristic 
multipliers have the form 
where p and q are relatively prime integers with 0 < p < q. The solutions of 
(1.2) will have period 2q7c. If p is even and q is odd, the solutions also have 
period qn, while if p is odd the solutions have period 2qz and are odd- 
harmonic. The periodicity of the solutions of (1.2) suggests that for E near 
E, there should be solutions of (1.1) of this period near to x(t, E,) having for 
small values of (E -E,) the asymptotic form 
x = x(t, E,) + (E - E,)‘x,(t) + o(E - E,)’ (1.3) 
where Y is a positive rational number and x,(t) is a solution of (1.2). 
The technique is to make a number of changes of variable in (1. l), each of 
which preserves the important periodicity and symmetry properties. The 
ultimate result is a periodically perturbed autonomous equation, and the 
desired subharmonic solutions correspond to isolated equilibrium points of 
the autonomous part. The transformations are suggested by the technique of 
proof for Hopf bifurcation of a plane mapping [4, 81. Our situation is 
different from that of Hopf bifurcation since the critical eigenvalues do not 
pass from the interior of the unit circle to the exterior as the parameter 
varies, but move on the unit circle. It also turns out that the period map of a 
neighborhood of x(t, E) satisfies the conditions of J. Moser’s twist mapping 
theorem. 
We find the following results for subharmonics. Assuming always that 
critical quantities are nonzero we find in most cases that there are 2q subhar- 
monies ifp and q are both odd and 4q subharmonics if either p or q is even. 
Of these exactly half are stable and half are unstable. Stability is in a sense 
to be described in the next paragraph. All of the stable subharmonics are 
really translations or inverted translations of a single solution, with a similar 
statement for the unstable subharmonics. If x(t) is a stable subharmonic, the 
other stable subharmonics are x(t + 2n), x(t + 47c),..., x(t + (2q - 2)7c), 
-x(t + 7r), -x(t + 3x),..., -x(t + (2q - 1)~). When p and q are both odd, the 
“inverted translations” coincide with the ordinary translations so there are 
only half as many distinct subharmonics. The subharmonic solutions exist 
only for E > E, or only for E < E,. The cases p/q = 3 and p/q = 4 are 
exceptional and are described in Theorems 2 and 3. 
The stability mentioned in the foregoing is that determined by the linear 
approximations. In each case the product of the characteristic multipliers of 
the variation equation is 1. In the unstable case the characteristic multipliers 
are real and separated by 1, so there is a “saddle’‘-type instability. In the 
stable case the characteristic multipliers are nonreal and lie on the unit 
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circle. This does not in itself imply stability, but a more delicate analysis, 
can be used to establish stability. See the remarks in Section 5. However, 
from a practical point of view we can say that these solutions will become 
asymptotically stable in the presence of small linear damping. All mention of 
stability is to be understood in this sense. It should be stated that even when 
there is small damping and asymptotic stability of the stable subharmonics, 
their domains of attraction will be very small and they would probably be 
difficult to observe experimentally. 
The number of subharmonics found is the minimum that can be expected. 
The symmetry of the equation implies that with any 2qrr-periodic subhar- 
monic all the translations and inverted translations mentioned earlier will 
also be solutions with the same stability. Also from general considerations 
we expect as many unstable subharmonics as stable. 
2. TRANSFORMATION OF THE LINEARTERMS 
In this section we shall gather necessary information concerning the 
variation equation 
y” + g’(x(t, E))y = 0 (2.1) 
together with information on the behavior of the rotation number with 
respect to the parameter E. 
In the original equation (1.1) make the change of variable x = x(t, E) + y. 
The result is 
Y” + g(x(f, E) + Y) - gW, El) = 0 
where we used the fact that x(t, E) satisfies (1.1). We also write this in the 
form 
where 
y” + a&Y + u*(t)y’ + --* = 0, P-2) 
Q Q) = L g”‘(x(t E)) J j! ‘. (2.3) 
Note that a,(r) is always an even, 2z-periodic function. Also because g(x) is 
an odd function and x(t, E) is odd-harmonic, a,(t) is n-periodic when j is odd 
and is 2n-periodic and odd-harmonic when j is even. Although the coef- 
ficients aj(t) depend on the parameter E, we shall not write this dependence 
explicitly until it is needed. 
Let yi(t) and yz(t) be the principal solutions of Eq. (2.1), with initial 
conditions y,(O) = y;(O) = 1, y;(O) = ~~(0) = 0. Because g’(x(& E)) = u,(r) 
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is even and n-periodic, y,(t) is an even function and y*(t) is an odd function. 
If the characteristic multipliers of (2.1) are e* iAn, where 0 < A < 1, it is 
found that yi(rr) = y;(n) = cos kc. (See [7] for details of the analysis of 
(2.1).) Let y,(t) have n zeros on the open interval (0, n/2). Then yz(t) has 
either n or n - 1 zeros on the same interval. If d, = 2n + A when y, has n 
zeros, and 1, = 2n - A when y, has n - 1 zeros, there exist positive numbers 
a and /I such that 
~3, (7r/2) = a cos 1, Tc/2, y,(7r/2) =/I sin 1,71/2, 
~~;(71/2)=-/~‘sinA,rr/2, y;(n/2) = a ’ cos 1, n/2, 
y,(?7)=cosA,n. ~~(71) = @/a) sin A, 71, 
(2.4) 
I’; = -(a//II) sin /z,7r, y;(n) = cos A, 77. 
The symbols a, p, and A1 will retain their meaning throughout the paper. 
(Again all of these depend on E, but we do not write this dependence.) 
The periodicity of (2.1) and the information in (2.4) show that the 
function 
p(t)’ = 4 y,(t)’ + f Y2W’ 
is r-periodic. It is clearly an even function and is always positive. We let p(t) 
denote the positive square root of p(t)‘. If we introduce the angular function 
o(t) by the formulas 
Y,(t) = (a/@“‘p(t) cos B(t), 
y2(t) = @/a)“‘p(t) sin B(t) 
it is found that 
o’(t) =p(t)-21 
so that o(t) is an odd n-periodic function plus a linear term in t. The 
formulas (2.4) show that @(n/2) = A,(7~/2), O(n) = /1, rt, so that 
O(t) = /I, t + W(f) (2.6) 
where w(t) is an odd n-periodic function with w(O) = u(7r/2) = 0. It can also 
be deduced that p(t) satisfies the nonlinear equation 
p” + a,(t)p =pp3. (2.7) 
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We now convert Eq. (2.1) to a system of two first-order equations by 
means of the z-periodic change of variables 
y = (cg-“‘p(t) r cos (o(t) + w), 
y’ = (a/3- l’*@(t) r cos (w(t) + w) 
- (a/l-“‘p(t)-’ rsin (w(t) + w). 
cw 
The result is the very simple system 
r’=O, l/f’ =/I,. (2.9) 
This shows that the cylinders r = const. or in Cartesian coordinates y and 
u = y’ the surfaces 
p(t)-2y2 + (p’(t) y + p(t)u)’ = const. 
are invariant surfaces, and that the solutions of the system are helical curves 
on these surfaces with rotation number A,. The invariant cylinders have 
time-varying elliptic cross sections and are n-periodic in t. This brings out 
the fact that when A, is rational all solutions are periodic, while if A1 is 
irrational all solutions are almost periodic. 
We now study the behavior of the rotation number II, as E varies. We 
shall need the derivative of A, with respect to E. 
LEMMA 1. The derivative with respect to E of x(t, E) is h(t), the unique 
solution of 
Y” + g’W E))Y = f(t) (2.10) 
that is even, 2zperiodic, and odd-harmonic. 
Proof. Because 1, is not an odd integer, Eq. (2.1) will have no nontrivial 
even, 2zperiodic, odd-harmonic solution. Because f(t) has these properties, 
the solution h(t) will exist and be unique. Because x(t, E) satisfies (1. l), its 
derivative with respect to E will satisfy (2.10). Finally, because x(t, E) is 
even, 2rc-periodic, and odd-harmonic for all E, its derivative with respect to 
E will have the same properties. 
LEMMA 2. Zf A = A(E) is the number defined by y,(n) = y;(z) = cos kc, 
0 < A < 1, the derivative of A with respect to E is 
d;i 1 ni2 
-=- 
1 dE no g”W, E)) ,4s)2h(s) ds 
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and since A, = 2n f 1, 
g%- dE -A(E) = (-1p’+/ 
n/2 
g”(x(s, El) p(sYW ds. 
0 
Proof Since 2 cos iln = y,(n) + y;(n), we have 
-27r sin Arc -$ = y,,(n) + y&(n). 
Since yi(t) satisfies (2.1) for i = 1, 2, y&t) will satisfy 
z” + g’(X(f, E))z + g”(x(fy E)) h(t) .Yi(l) = O 
where we used the result of Lemma 1. Each yi, satisfies the initial conditions 
z(0) = z’(0) = 0. Using the variation of parameters formula and the table of 
values (2.4) we find that 
YE(Z) + Y;,(n) 
Arry,(s)’ + + sin 1rry2(s)2 
I 
g”(x(s, E)) h(s) ds 
= -sin Arc fT g”(x(s, E)) p(s)‘h(s) ds. 
"0 
The odd-harmonic properties of h(s) and g”(x(s, E)) then give the asserted 
result. 
3. NONLINEAR TRANSFORMATIONS 
In this section we introduce nonlinear changes of variable. These transfor- 
mations are suggested by similar changes of variable used by G. Iooss [4] in 
proving the Hopf bifurcation theorem for plane mappings. The transfor- 
mations also seem to be equivalent to using the method of averaging, in that 
in many cases a time-varying term is ultimately replaced by its mean value. 
We begin by making the change of variables (2.8) in Eq. (2.2), which is 
equivalent to (1.1). The result is the system 
r’ = sin(w(t) + ty)[(a~)-“2a,(t)p(t)3r2 cos’(w(t) + li/) 
+ (a/3~‘a,(t>p(t>“r” cos3(W(t) + w) + ... 1, 
cos(4t> + w) (3.1) 
v/‘=L* + 
r 
[(~~)~“‘a2(t)p(t)‘r2 cos’(w(t) + v) 
+ (a/?-‘a3(t) p(t)4r3 cos3(w(t) + w) + ff. 1. 
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We introduce the notation 
b,(t) = (Cl&‘“-“‘*Q,(t) p(t)“+ ‘, n = 2, 3, 4 )... . (3.2) 
The coefficients b,(t) appear in both equations (3.1). Note that each b,(t) is 
an even 2rc-periodic function. Also b,(t) is n-periodic when n is odd and is 
2z-periodic and odd harmonic when n is even. 
We now introduce the complex variable z, where z = t-e’“. If we use the 
fact that 
r cos(w(t) + yf) = Q(zeiwct’ + ZCiw(‘)), 
we find that (3.1) becomes 
z’ = u,z + ie- iw(t) G b,ctj 2-n(zeiw(t) + ie-h(f))n. (3.3) 
n=2 
If we write Eq. (3.3) with right member a series in powers of z and Z; we 
obtain 
z’ = u,z + i x c&,(t) zr2. 
r+s>* 
In (3.4) the coefficients are given by 
<,,(t) = 2pr-Sb,+,(t) r fr ’ ei(r-s-lMt). c 1 
(3.4) 
(3.5) 
Because w(t) is an odd n-periodic function off, it follows that each r,,(t) is a 
2rr-periodic complex function with real part an even function and imaginary 
part an odd function. In addition &.,(t) is n-periodic if r + s is odd and is 27c- 
periodic and odd-harmonic if r + s is even. 
We shall encounter several differential equations and changes of variables 
depending on coefficients with the periodicity properties just listed for t,,(t). 
We shall say that a set of coefficients with the properties listed above has 
property P. Thus (3.4) is a differential equation whose coefficients. have 
property P. 
We now introduce periodic nonlinear changes of variable which will 
transform an equation of the form (3.4) with coefficients having property P 
into a similar equation having coefficients with property P. 
For each integer k > 2 consider the complex periodic change of variables 
w = z + 2 v&) z’i? 
r+s=!x 
(3.6) 
where the coefficients v,, (nonzero only for r + s = k) have property P. 
In the next lemma we apply this transformation to a differential equation 
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of the form (3.4) with coeffkients having property P but not necessarily 
given by (3.5). 
LEMMA 3. If the transformation (3.6) is made on the equation 
where the coefficients t,,(t) have property P, the result is a similar equation 
w’ = i/l, w + x &Jt) wrWS 
r+s>2 
in which the coefJcients &(t) also have property P. 
In addition for 2 < r + s < k - 1, f,,(t) = r,,(t), while for r + s = k, 
4,,(t) = t,,(t) + P - s - 1) 4 v,,(t) - W,(t). (3.7) 
Proof: There are several steps to the proof which involve cumbersome 
but straightforward inductions. The principal facts that are used are: 
(1) The product of any number of functions which are complex and 
2n-periodic and which have real part even and imaginary part odd is a 
function having the same properties. 
(2) The product of two r-periodic functions or of two functions which 
are 27r-periodic and odd-harmonic is n-periodic. The product of a n-periodic 
function and a function which is 2n-periodic and odd-harmonic is 2n- 
periodic and odd-harmonic. 
The first step is to consider the transformation inverse to (3.6), which 
exists for small w and z. It is found that (3.6) is equivalent to 
z=w- \’ - v,,(t) WrWS + y \’ _ v;,(t) wrws (3.8) 
r+r=k n>2 r+s=n(k--l)+l 
where the coefficients F,.,(t), when nonzero, have property P. 
We use formula (3.8) and its conjugate to obtain for any integers r and s 
with r + s > 2 
zzzs = w’@s + \’ \’ 
nyl p+o=r+s+n(k-1) 
C,,(t) wPW” (3.9) 
where the &,,(t) are 2rc-periodic with real part even and imaginary part odd, 
and 
(a) if k is odd, &,(t) is n-periodic for all r, s, p, o; 
(b) if k is even, &,,(t) is n-periodic if (r + s) and @ + a) have the 
same parity and is 2n-periodic and odd-harmonic if (r + s) and @ + a) have 
opposite parity. 
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If w’ is calculated from (3.6) using the given differential equation and its 
complex conjugate to obtain z’ and ?, we obtain 
w’ = i&z + i c rf,&t) zris (3.10) 
r+s>z 
where the coefficients q,,(t) have property P, and where 
where any c with either subscript negative in the last expression is replaced 
by zero. 
Finally, if we use (3.8) and (3.9) in (3.10) we obtain the equation for w 
w’ = i/l, w + i c f,,(t) WrWS 
r+s>2 
where the coefficients f,.,(t) have property P. Explicit calculation of the 
terms with degree up to k gives 
L(t) = L(t)9 2<r+s<k-1, 
&(t> = L,(t) + (r - s - 1) 4 v,,(t) - W,(t), r+s=k. 
This completes the proof. 
We now apply the transformation (3.6) successively to Eq. (3.4) for 
k = 2, 3, 4 ,... . At each application a new differential equation is obtained. Let 
the coefficients of the equation obtained after application of (3.6) for a given 
stage k > 2 be denoted by cl:‘(t). It is then consistent o think of the coef- 
ficients (3.5) as l::‘(t). 
By Lemma 3 <F:‘(t) = Gus-” if r + s < k. Hence for any r and s <L:‘(t) = 
l$~‘“‘(t) for all k > r + s. Concerning these “ultimate” coefficients we have 
LEMMA 4. The transformation coeflcients v,,(t) in (3.6) with k = r + s 
can be chosen uniquely so that rK+” (t) = 0 with the following exceptions: 
(a) When r + s is odd and r = s + 1. 
(b) When A, is rational and (r - s - l)n, is an odd integer if r + s is 
even, or is an even integer if r + s is odd. 
In the exceptional cases the transformation coeflcients can be chosen to 
give in case (a) 
t:::.;(t) = B, 
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where B, is a real constant equal to the mean value of <$‘,,,(t); and in case 
@I 
(X+“)(t) E c, epimf 
where m is the integer equal to (r - s - l)A, , and C,, which is real, is the 
corresponding Fourier coefJicient of ~~~‘“-‘j(t), i.e., is the mean value of 
Re[r$+“-l’(t) eim’]. 
ProoJ From (3.7) in Lemma 3, c$~‘“‘(t) = 0 if v,,(t) satisfies the 
differential equation 
iv;,(t) - (r - s - l)A, v,,(t) = t~:+“p”(t). (3.11) 
When r + s is even, (oh’s-” is 71 2 -p eriodic and odd-harmonic with real 
part even and imaginary part odd. Unless (r-s - l)A, is an odd integer, 
(3.11) has a unique 27c-periodic odd-harmonic solution. This solution will 
have real part even and imaginary part odd, so that choosing it for v,.,(t) will 
give v,,(t) property P. 
When r + s is odd, lj~:‘“-‘)(t) is n-periodic with real part even and 
imaginary part odd. Unless (r -s - l)A, is an even integer, (3.11) will have 
a unique r-periodic solution, which will have real part even and imaginary 
part odd. When this is used for vr,(t), v,,(t) will have property P. 
When r + s is odd and r = s + 1, (r - s - l)A, = 0 regardless of the value 
of A1. If (3.7) is written 
r !Z$&> = B, + (C!i!‘, ,,@> - 4J - iv:, + 1 ,m T 
the differential equation 
has as its right member a x-periodic function with real part even, imaginary 
part odd, and with mean value zero. Hence v,+ I,m(l) can be chosen as a 
solution of (3.12) which has property P. With this choice, ($l”m++‘/(f) = B,. 
When A, is rational and the exceptional case (b) is present, there is a 
resonance phenomenon in Eq. (3.11). If we write (3.7) in the form 
(l.~+“‘(t) = C, e-‘*’ + (~~~‘“~“(t) - C, emi”‘) + mvJt> - iv&(t), 
the equation 
iv&(t) - mv,&t) = c::+“-“(t) - C, e-‘m’ 
can be solved to give a periodic solution with property P. With this choice of 
VA 
l::+“)(t) 3 C, emimf. 
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The coefftcients B, and C, are real because the functions whose mean 
values are taken have real part even and imaginary part odd. This complete 
the proof. 
In the study of subharmonic solutions we assume that 1, is rational. The 
transformation process is carried to the first stage at which the resonance in 
Lemma 4, case (b) occurs. When A, = pl/q, and both p, and q are odd, the 
first occurrence of resonance occurs when r + s = q - 1, and corresponds to 
r=O,s=q-l.Theintegerm=(r-s-l)~,isequalto-p,.Whenoneof 
p1 and q is even, the first occurrence of resonance is for r + s = 2q - 1 with 
r=O and s=2q- 1. The integer m=(r-s- l)A, is equal to -2p,. The 
resulting complex equation is 
z’ = ijL,z + i(Blz22+ B,z3F2 
+ ... + B,z”‘l’ + C, e-imt2) + O(lzl’+‘) (3.13) 
where s = q - 1, m = -p,, I= (q - 3)/2 when p1 and q are both odd, and 
s=2q- 1, m=-2p,, l=q- 1 when one ofp, and q is even. 
When s > 4, the nonlinear term of lowest degree is iB,z’Z. When s = 2 
(which corresponds to A, being an odd multiple of 3) the term of lowest 
degree is iC, Fim’.T2, and when s = 3 (which corresponds to A, being an odd 
multiple of f) the terms iB,z’Z and iC, e- imtZ3 have the same degree. The 
stability properties of the subharmonics are different in the cases s = 2 and 
s = 3. 
It is possible in principle to compute the coefftcients B,, B,,... explicitly, 
as well as the coefficients C, when A, is rational. However, as is clear from 
the preceding discussion, such computations become very involved when the 
transformation (3.6) is applied many times. In what follows it will be a 
standing assumption that the coefficient B,, when it is present, is nonzero, 
and in cases where 1, is rational that the associated coefficient C, is 
nonzero. We shall not carry through any calculations, but for the cases s = 2 
and s = 3, the coefficients have values given by the following. 
When 3A, is an odd integer, the coefficient C, (corresponding to s = 2) is 
given by 
c, = & )_* l.J2(l) cos 30(t) dt. (3.14) 
‘0 
When 3A, is not an odd integer, the coefficient B, is given by 
B,=+-!‘^b,(t)dt- 
3 
0 87l cos(~,?r/2) 
X (( b,(t) MS) sin (W) - WI -q) ds dt - 8x cos(:l 7c,2) 
1 
x 11 j: b2(t) b2(s) sin 3 (o(t) - O(s) - $) ds dt. (3.15) 
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When 41, is an even integer, the coefficient C, (corresponding to s = 3) is 
given by 
(3.16) Cm = &1” b(t) ~0s 4@(t) dt - 4n cosfn n,2) 
0 I 
X /r li b,(t) b2(s) cos 2(0(t) + O(s)) sin (o(t) - O(s) + F) ds dt. 
In (3.14), (3.15), and (3.16) o(t) is the angular function introduced in 
(2.6). The functions b2(t) and b3(t) are given by (3.2). 
Because of symmetries it is possible to transform the integrals in (3.14) 
(3. IS), (3.16) to the interval [0,7c/2] and to the region 0 < s < t ,< 7r/2 for 
the double integrals. However, no essential simplification occurs. 
4. SUBHARMONIC SOLUTIONS 
We are now able to construct the desired subharmonic solutions. Let E, 
be such that when E = E,, A, has the rational value PI/q. For values of E 
near E,,, write E = E, + p. We shall show that for small values of p, usually 
of only one algebraic sign, there exist solutions of (1.1) of period 2qn, 
always under the assumption that certain critical quantities are nonzero. 
If p1 and q are both odd, let s = q - 1, m = -p,, and I = (q - 3)/2. If 
either p, or q is even, let s = 2q - 1, m = -2p,, I = q - 1. For small p make 
the transformation (3.6) for k = 2, 3,..., s in Eq. (3.4) to obtain 
Z’=i~,(u)Z+i[B*(u)Z2Z+ ... +B,(p)z’+‘z’] 
+ iC@) e-im’fs + iR(t, z, Z;y). (4.1) 
In (4.1) the remainder term is given by 
and so is a 2n-periodic function of t with coefficients having property P. 
Also IR I= O((zj’+‘) f or small z. Note that the term C@)e-‘*’ in the 
Fourier series for rg-‘), (t,,u) is retained in (4.1). It could be eliminated for 
lu # 0, but not for p = 0. 
In (4.1) make the change of dependent variable z = w e(ipl’q)’ to obtain 
+ jc@) e-imtgs e-i(stl)(Pd4)1 
+ j e-i(Pl/@tR 
( 
t, (4.2) 
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Since (s + l)(p,/q) + m = 0 in all cases, the time-dependent part of the term 
with C(D) drops out. The remainder term becomes 
iR I(t, w, W, p) = i C <ri(t, ,u) wpW” ei(O-O- l)@loq), 
p+o>s 
so that it has coefficients which are 2q?r-periodic n t, with real part even and 
imaginary part odd. Also (R 1 I= O(l w IS+ ‘). 
Now let A be the value at E = E, of the derivative dA,/dE as found in 
Lemma 2, and write B, ,..., B, and C for B,(O) ,..., B,(O) and C(0). We obtain 
w’=ipAw+i[B,w2*++..+Btw ‘+‘E’ + CW”] + iR*(t, w, J?, p) (4.3) 
where 
R,(t, w, %P> =R,(t, w, %PU> + @,cU> - P,/q -4)~ 
+ (B,(u)-B,)w2W+ **a + (B,(u)-B,)~‘+‘d 
+ (C(u) - C) ws. 
Because all coefficients in R, which are not in R, are real constants, R, is 
also a 2q7c-periodic function of t and all coefficients have real part even and 
imaginary part odd. Also 
lR,l= O(W+’ + lru12 lwI+ 1~1 Iwl”>- 
(In the case that s = 2 the B terms are not present and the estimate for R, is 
w43 + IPI Iwl>*> 
THEOREM 1. For E = E, let A, = p,/q, where the rational number A, is 
such that 3k, is not an odd integer and 4i, is not an even integer. Let the 
coefficients A, B I , and C in (4.3) be nonzero. 
Then tf E - E, = ,u is small and of sign opposite to that of A/B,, there 
exist subharmonic solutions of period 2qr of (1.1) as follows: 
(a) If p1 and q are both odd, there are 2q subharmonics of which q are 
stable and q are unstable. Each has the form 
40 = 46 4,) + IP l”2-W + 4~ I 1’2) (4.4) 
where xl(t) is one of 2q well-determined 2qn-periodic solutions of the 
variation equation (2.1) for E = E,. 
(b) lf either of p, or q is even, there are 4q subharmonics of which 2q 
are stable and 2q are unstable. Each has the form 
x(t) = x(t, E,) + IP I 1’2X,(t) + O(lP 11’*) (4.4) 
SUBHARMONIC BIFURCATION 205 
where x,(t) is one of 4q well-determined 2qn-periodic solutions of the 
variation equation (2.1) for E = E,. 
Proof Since Eq. (4.3) has resulted from Eq. (1.1) by a sequence of 
changes of variable, all of which are either time independent or periodic of 
period 27~ or 2q7r, it will be sufficient to find 2qn-periodic solutions of the 
final equation (4.3). 
Equation (4.3) can be regarded as a perturbed autonomous equation, the 
time-dependent terms all being of high order in 1~1. Consider the 
autonomous part 
w’=ipAw+i(B,w*W+ ... +B,w’+‘K++C$). 
If we set w = r-e’@, we obtain the real system 
r’ = Cr” sin@ + l)$, 
#‘=,uA +B,r’+ .a* + B,r*’ + CF’ cos(s + I)#. 
(4.5) 
The system (4.5) has 2(s + 1) equilibrium points with r # 0 given by 
+z!!- 
Sfl’ 
n = 1, 2 ,..., 2(s + l), 
and r equal to the root near (-A,L/B,)“* of 
P,(r) =pA +B,r* + -.. + B,r2’ + (--I)“CF’ = 0. (4.6) 
The sign of ,u must be chosen to make (-&/B,) positive so that the 
equilibrium points will be real. 
The 2(s + 1) equilibrium points of (4.5) are all simple, i.e., the matrix of 
first derivatives of the right member of (4.5) evaluated at each equilibrium 
point is nonsingular. The matrix is 
/I 0 (-l)“(s + 1) Cr” K(r) 0 /I (4.7) 
where PA(r) is the derivative of the polynomial P,(r) in (4.6). The principal 
term of the determinant of (4.7) is 
which is nonzero for small ,U # 0. 
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The nonsingularity of (4.7) is sufficient to imply the existence of 2(s + 1) 
corresponding 2qn-periodic solutions of (4.3) of the form 
l/2 
eiw(s+ 1)) + + /l/Z), n = 1, 2,..., 2(s + 1). (4.8) 
Moreover the stability of the periodic solution (4.8) is the same as the 
stability of the related equilibrium point of (4.5). The characteristic 
exponents of the variation equation corresponding to the periodic solutions 
(4.8) are approximated by the eigenvalues of the matrix (4.7). When we say 
that a subharmonic arising from a stable equilibrium is stable, this is meant 
in the sense described in the Introduction. But see the remarks in Section 5. 
The sum of the eigenvalues of (4.7) is zero and the sign of their product 
depends on the parity of n. If the product is positive the eigenvalues are pure 
imaginary and the equilibrium is stable. If the product is negative the eigen- 
values are real and of opposite sign and the equilibrium is unstable. This 
shows that (s + 1) of the periodic solutions (4.8) are stable and (s + 1) are 
unstable. In each case the characteristic exponents satisfy 
(A/ = (s + 1)“‘(2 I~lcl)“Z((A~/B11)‘S+‘“4 $ o(I/+s+‘)‘4). 
In case (a) of the theorem s = q - 1, so that 2(s t 1) = 2q. There are 2q 
subharmonics of which q are stable and q are unstable. In case (b) of the 
theorem s = 2q - 1, so that 2(s + 1) = 4q. There are 4q subharmonics of 
which 2q are stable and 2q are unstable. 
To obtain the form (4.4) we start with (4.8) and work back through the 
sequence of changes of variable. We first find that (4.1) has the solutions 
z= & 1’2 
I I B, 
,i(p~flq+nn/(s+ 1)) + o(lp 11/2), n = 1, 2,..., 2(s + 1). (4.9) 
Since the changes of variable (3.6) are all small perturbations of the identity, 
the formula (4.9) will also hold for Eq. (3.4). Then using (2.8) we find that 
Eq. (2.2) has the solutions 
y = (c@- “‘p(t) 1Bl Iilicos (w(O+~t~) * 
+ 4P I 1'2)> n = 1, 2 )..., 2(s f 1). 
If we note that W(C) t prt/q = w(t) + Al t = o(t), and that p(t) cos o(t) = 
@/a)“‘y,(t), p(t) sin o(t) = (cx//?)“~JJ~(~), we have 
YE g II2 
I Ii 
; Yl@) cm 
im 1 n71 
- - - y2(t) sin - 
1 s-l-1 p s+l i 
+ o((p11’2)n = 1, 2 )..., 2(s t l), (4.10) 
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of which the principal term is a well-determined solution of (2.1) for each n. 
Finally, we use the relation x = x(t, E) + y to go to Eq. (1.1) and the fact 
that x(t, E) - x(t, E,) = O(~,D I) = o(~,u 1‘I’) to obtain (4.4). The solutions are 
stable or unstable according to the parity of n. They are stable if 
(--l)“t’BIC is positive and are unstable if (-l)“+‘B,C is negative. This 
completes the proof. 
THEOREM 2. For E = E, let ,I, = p,/3, where p, is an odd integer not a 
multiple of 3. Let the coeflcients A and C be nonzero. Then ifE - E, =.u is 
small, there exist three subharmonic solutions of period 67~ of Eq. (1.1) which 
are all unstable. The subharmonics have the form 
x(t) = 46 E) + w,(t) + 41~ I) 
= x6 E,) + Nt) +w,(t) + 41~ I> (4.11) 
where x,(t) is one of three well-determined solutions of the variation equation 
(2.l)for E = E,. 
Proof. The proof follows the lines of the proof of Theorem 1. In this case 
we have s=2, m=-p,. The coefficient C is given by (3.14). The 
autonomous system is 
r’ = Cr* sin 34, 
4’ = A,a + Cr cos 34. 
(4.12) 
There are three equilibrium points with r # 0 given by 
AP r= - , i ! C I$+ 
where n = 1, 3, 5 if A,a/C is positive and n = 2,4, 6 if A,a/C is negative. The 
critical matrix is 
II 0 3Cr*(-1)” C(-1)” 0 /I 
of which the determinant is -3C2r2 = -3A*p*, which is always nonzero for 
small ,D # 0 and is negative. This proves the existence of the subharmonics 
and shows that they are always unstable. The characteristic exponents satisfy 
l~l=v’%4++4>~ 
The process of reversing transformations leads to 
4 
w = - ei(nn’3) + o(lp I), 
I I C 
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z= i!!i I I 
c 
e’@‘t13 +nn/3) + (glp I),
Y = (4 - 1’2/m ( Ap /cos (O(t)+y+y) +o(l/ll) c 
4 = I II - c +4.i(r)cosy-$4’2(1)sinT +o(lpl) ! 
all for n = 1, 3, 5 if A,u/C is positive and for n = 2,4, 6 if A,u/C is negative. 
(The last expression for y can be written without the absolute value signs 
and with n = 1, 3, 5 in all cases.) Finally, we have that x = x(t, E) + y, 
which gives the first expression of (4.11). The second expression uses the 
derivative of x(t, E) with respect to E as given in Lemma 1. This completes 
the proof. 
THEOREM 3. For E = E, let I, = p,/2, where p, is an odd integer. Let 
the coeficients A and C be nonzero, and let (B, I# I C (. Then tfE - E, = p is 
small there exist subharmonic solutions of period 47t of Eq. (1.1) as follows. 
(a) If ( C I > (B 1 I there are four subharmonics, both for p > 0 and for 
,u < 0 which are always unstable. 
@I rflB,l> ICI, and tf ,u has the sign opposite to that of A/B,, there 
are eight subharmonics of which four are stable and four are unstable. 
In all cases the subhamonics have the form 
40 = 44 4,) + 1~ I “*x,(t) + 4~ I*‘*) (4.13) 
where for each subharmonic xl(t) is a well-determined 4n-periodic solution of 
the variation equation (2.1) for E = E,. 
Proof. The proof is again similar to that of Theorem 1. The values of B, 
and C are given by (3.15) and (3.16). In case (a) it is possible that B, = 0. 
In this theorem we have s = 3, m = -2p,, and 1 = 1. The autonomous system 
is 
r’ = Cr3 sin 44, 
~‘=A,u+BB,r2+Cr2cos4~. 
(4.14) 
In case (a) the equilibrium points are given by 
/$+ AP 
l/2 
r= C+(-l)“B, 
with n = 1,3,5, 7 when A,u/C is positive and n = 2,4,6,8 when ApfC is 
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negative. Thus there are four equilibrium points for p > 0 and a different four 
points for ,U < 0. In case (b) the equilibrium points are given by 
$j+, 4 
l/2 
r= B,+(-1)“C ’ 
n = 1) 2 )...) 8, 
where the sign of ,u must be such that Ap/B, is negative. 
The critical matrix is 
/I 0 403(-l)” 2B,r + 2Cr(-1)” II 0 * 
The determinant is -8B, Cr4(-1)” - 8C2r4, which is nonzero for ,D # 0. In 
case (a) with 1 C] > ] B, ], the determinant is always negative, so that the 
subharmonics in case (a) are always unstable. In case (b) with IB, I > 1 Cl, 
the sign of the determinant is that of (-l)“+‘B, C and is thus positive for 
four values of n and negative for the remaining four so that four of the 
subharmonics are stable and four are unstable. This establishes existence and 
stability of the subharmonics as stated. 
The form of the solutions is found as before. We find for Eq. (2.2) the 
solutions 
4 
‘= C+(-l)“B, 
yl(t) cos T - + y2(t) sin T 
I 
+ o(]fi]“‘) 
in case (a), where n = 1, 3, 5, 7 if Ap/C is positive and n = 2,4, 6, 8 when 
Ap/C is negative. In case (b) 
4 
‘= B, + (-1)“C 
rr4’1(1)cos~-+y2(t)sin~ +o(]~]“*) 
I 
n = 1, 2,..., 8. To obtain (4.13) we use x(t) = x(t, E) + y together with 
x(t, E) - x(t, E,) = o(],u ]I”). The stability in case (b) depends on the parity 
of n. The subharmonic is stable if (-l)n+l B, C is positive and is unstable if 
(-I)“+ ‘B,C is negative. This completes the proof. 
The results in Theorems 2 and 3 were found in an earlier paper [7]. The 
results of Theorem 1 were conjectured at that time. 
5. THE PERIOD MAP 
The results of this paper are related to a number of areas of investigation. 
The 2n-period map provides the connection in most cases. 
By the 2rr-period map for Eq. (1.1) we mean the mapping Tzn of the plane 
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with coordinates (x, x’) into itself which for each solution x(t) of (1.1) maps 
the point (x0, ~6) to the point (x1,x;) where x,, =x(O), x; = x’(O), 
x1 = x(27r), xi = ~‘(271). The other differential equations mentioned in the 
text also generate 2rr-period maps in the plane (y, y’) or the complex plane. 
One important property of the 2rr-period map is that an initial point of a 
2rc-periodic solution is a fixed point of the mapping, and the initial point of a 
2qn-periodic subharmonic solution is a fixed point of the qth iterate of the 
mapping, also called a periodic point. 
As we have seen in Section 2, the 2rr-period map for the linear equation 
(2.1) has in all cases a set of invariant closed curves which are the ellipses 
Jf- y2 + $ y’* = const. 
P 
(5.1) 
In (5.1) we used the fact that p(O) = m and p’(O) = 0. On these ellipses 
the mapping T,, generates a rotation with rotation number A,. 
The existence of invariant closed curves for the 2x-period mapping of (2.1) 
certainly suggests that similar invariant closed curves should exist for the 271- 
period mapping of Eq. (2.2), which is equivalent to (1.1). However, this is a 
very difficult question. For Eqs. (1.1) and (2.2) the an-period map is area- 
preserving. Indeed for these equations the map associated with any time 
interval is area-preserving. Because the transformations (3.6) are all 27c- 
periodic, the 2rr-period map associated with the complex equations in 
Section 3 will be area-preserving. 
When 1, is irrational, or when A1 is rational but neither 31, nor 2L, is an 
odd integer, we have obtained the complex equation 
z’ = ik,z + iB,z%+ o(lzl”) (5.2) 
which gives in real polar coordinates the equations 
r’ = o(r3), #‘=A, +B,r2 +o(r’). (5.3) 
As we remarked, the 27c-period maps associated with (5.2) and (5.3) are 
area-preserving. If we assume that B, # 0, the 2z-period map of the reduced 
system 
r’=O, 4’ =A, + B,r2 
is the so-called twist mapping 
r, = ro, $1 = #o + (A1 + B, r-i) 27~. (5.4) 
The mapping (5.4) has the circles r = const. as closed invariant curves, with 
corresponding rotation numbers 1, + B, ri. An important result of J. Moser 
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]9] on invariant curves of area-preserving mappings states that for rotation 
numbers which are irrational and not well, approximated by rationals there 
will exist invariant closed curves for the 2n-period mapping of the full system 
(5.2) or (5.3). There will be corresponding invariant closed curves of the 27~ 
period mappings for (2.2) and (1.1) with the irrational rotation numbers as 
described. The invariant curves for (5.1) and (5.2) are close to the circles 
r = const., and the invariant curves for (2.2) are close to the ellipses (5.1). 
The solutions of (2.2) which have initial points on an invariant closed 
curve will generate in 3-space with coordinates (y, y’, t) a periodic cylin- 
drical invariant surface with the important property that if a trajectory of 
(2.2) is interior to this cylinder at any time, it is interior for all time, because 
of uniqueness of solutions. Since there are such invariant cylinders with 
arbitrarily small diameter this implies the stability of the equilibrium y = 0 
for (2.2), which is equivalent to the stability of the periodic solutions x(t, E) 
of (1.1). For the “stable” subharmonics the same analysis could be made 
under the assumption that the relevant critical quantities are not zero to 
establish their stability. 
The results on subharmonics bring out in a vivid way the reason that 
invariant closed curves with rational rotation numbers cannot exist. The 
presence of stable and unstable subharmonic solutions imposes a much more 
involved structure on the corresponding invariant sets. An illustration of the 
complicated nature of this structure is given in the figure on page 77 of the 
book by Ar’nold and Avez [ 11. Such behavior is potentially present for every 
rational rotation number. 
The results in this paper also seem to be related to the excluded roots of 
unity in the Hopf bifurcation of plane mappings near fixed points when the 
corresponding eigenvalues pass from the interior to the exterior of the unit 
circle. If the crossing points are the complex numbers /1 and 2, which are of 
absolute value 1, it is required that none of /1, A*, L3, and 1” be equal to 1. 
These correspond to the special values of 1, used in Theorems 2 and 3. J # 1 
and A2 # 1 correspond to A, not being an integer. 1” # 1 corresponds to 31, 
not being an odd integer. A4 # 1 corresponds to 2L, not being an odd integer. 
Stability phenomena similar to those found in Theorems 2 and 3 have been 
observed for plane mappings when A” = 1 or L4 = 1. 
The various transformations used in Sections 3 and 4 had the effect of 
reducing a time-varying equation to an autonomous system with pertur- 
bation. Moreover in each case time-varying terms were replaced by their 
time averages. These averages were zero in most cases, but were the 
constants B,, B2,..., C in critical cases. All this suggests that the results 
could have been obtained by appropriate use of the method of averaging 
12, 111. 
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